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Abstract. The generalised coefficients of fractional parentage (CFP) for a double-/ boson
system are defined. The formulae of CFP with seniority are presented when the states of
this system are classified according to two group chains. The calculations are done in the
scheme of second quantisation. The results show that the computation of CFp in this way
is very efficient.

1. Introduction

Coefficients of fractional parentage (CFp) have extensive applications in many different
fields of microphysics in constructing the many-body wavefunctions. They were first
introduced by Bacher and Goudsmit [1]. Since then many people have made important
developments [2-5] in the algorithm for cFp calculation and in numerical computation.
In our previous paper [6] the cFp for a single-I/ boson system are factorised into
isoscalar factors (1sF) of the symmetry group of this system. A new recursion relation
of cFp with well defined seniority provides a faster mechanism for computation of crp
than others without seniority.

Since cFp depend on the classification of states, they are different for differential
symmetry group chains of n boson system. For a double-/ boson system the symmetry
group is unitary group U(N), where N= N, + N, =(2/;+1)+(21,+1). In this paper
we will discuss two group chains of U(N) including SO(3) as a subgroup. They are

chain I U(N) 2 U(N;)®U(N,) 2 O(N;)®O0(N,) 2S0(3,)®S0(3,) > SO(3)
chain 1I U(N)=>0(N)>0(N,;)®0(N,) >80(3,)®S0(3,) = SO(3).

The generators of groups in these two group chains are presented in table 1.

Chain I represents the coupling between [/, bosons and I, bosons being at the O(3)
level (weak coupling). Only the I, bosons themselves form the I, pairs. Chain II
represents strong coupling, so the generalised pairs coupled by bosons with different
I also exist. The U(5) limit and O(6) limit in the 1BM model, respectively, provide
good examples for each situation.

In section 2 we define the cFp for a double-/ boson system in second quantisation.
The cFp according to chain I are presented in section 3. In section 4 we construct the
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Table 1. Generators of groups in chain I and chain IIL.

Group Generators

U(N) BN ={bibi}s=Y (U m I m|k @)blubim LI=1,hL,allk

O(N) oMk =iBUNE—i(-1)" " BUI'DE

U(N) B(L 1),

U(N,) 3(1212)2

O(N)) Ol 1) s =2iB(L1)k k=21,-1,2,-3,...,1

O(N,) O(l,1) 5 =2iB(L,1,)} k=25-1,2-3,...,1
LU+ DL+ 1DYY?

SO(3,) L,q=(———1([ )3( ! )) B(l 1)}
LilL+1)(2L+1D\"?

SO(3,) Ly, = (_:__2___.5(_2_> B(l, Iz)i;

SO(3) Ly=L,+L,

generalised pair operator and then have the state vectors classified by chain I1. The
cFp according to chain II are presented in section 5.

2. Definition of the generalised crp

Let us consider a system of bosons, each with angular momentum [/, or [,. In the
second quantisation scheme, b}, and b, are boson creation and annihilation operators

satisfying the following commutation relation:
[blma bI'm’] = [b';m H b;.’m'] = O
(2.1)
[blma b;’m’] = Bll’amm"

For a system of n bosons the state vector with total angular momentum L and its Z
component M is |na L M), where @ symbolises additional quantum numbers to
completely label the states. The generalised crFp may then be defined as

(n a L|jbj|ln—1 a' L")

(na L{n-1a L | L= e (2.2)
e _(n a L|(bjb})|In=2 a" L")
(na L{{n-2 a" L" (') k L= NS . (23)

These two definitions are similar to that for a single-/ boson system in [6] except
that [, I'=1,, , and L, L', L” may be coupled by different [

It is well known that the state vectors expressed in cFp make the calculation of
matrix elements of a one-body tensor operator and a two-body scalar operator simple.
It is also known that the two-particle CFP can be expressed in terms of the one-particle
cFP. So the key to the question is to construct the one-particle crp defined in (2.2).
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3. crp according to the group chain I

Chain I provides a set of quantum numbers n, n,, n,, o, o5, L,, L, and L labelling
the irreducible representations (1r) of group U(N), U(N,), U(N,), O(N;), O(N,),
SO(3,), SO(3,) and SO(3), respectively. Thus the state vector |[n @ L M) can now be
expressed as

@
In nmoye Ly nyomayl, L M>={|"10101L1>‘"20'2a21~2)}k4 (3.1)

where |n; o, ; L; M;) are the known state vectors of identical /; bosons [6]. By means
of the reduction of matrices for a composite system [7] we obtain the crp according
to chain I depending directly on the known cFp of identical bosons as follows:

(n nyo,a,L, inzazasz L{in-1 n,—-1 ojalL] nyosa,L, L' I, L)
=(n/n)"*(nyoa,L{jn,—1 oL} I, L)
x((Lil,) Ly Ly LI(L\Ly) L' I, L) (3.2a)
(n nyoya,L, nyo,a,L, L{{n—1 nyoya,L, n,~1 chatly L' 1, L)
= (ny/n) ¥ o0, Ly{{n, =1 ohaly 1, Ly
+(L, (Ly) L, L|(L\Ly) L' I, L) (3.2b)

where (| ) are the normalised Racah coefficients.

On the other hand, it is straightforward to prove that the operators bz,,,.., i=1,2,
form a rank-1 tensor operator of U(N). Its components can be labelled by chain I,
namely

(3.3)

im —

Tt

t _{ Lm = V1] DI@L0] (1)®(0) 1,®0 m ®0
t gt

blzmz— b[l] [oI®[1] (O®(1) 0®I; 0®m,+

Using the generalised Wigner-Eckart theorem [8], we have

(n nyoya, Ly nyopo,L, Lllb;l||"—1 n—1 oaiLl} nyoya,l, L)

(1] (n-1] (n] ]
(11 {01 [ni—1] [, | [n.] [n]
(0'1)]
a,L,

X[III]] [n,—1] ﬂ"lﬂ:”:(l) (a1)
x((Lily) L, L, L|(LiLy) L' I, L). (3.4)

=<n||b*||n—1>[

1) (o) (eIl aily

Similarly we may have the reduced matrix element of bfzmz. Comparing the factors
on the rRHs of (3.4) with that of (3.2), we have the coupling coefficients

[1] n—1] r
[lIm]] [nd [ni] [n3] I T, FJ (3.5)

as usual, presented in table 2. It shows that the definition (2.2) and the derivation are
consistent and reasonable. We also obtain the U(N) reduced matrix element of b},:

(nl|b"ln-1)=Vn. (3.6)




1962 Hong-zhou Sun et al

(r-1] (]
(il [nsl [ni] Ing

r
:! of U(N) 2> U(N)®U(N,).

2.
Table [ r, T,

r
I r,

-1l -11] [n~11]
[ P I Y | (n] (n=11] [n n

[n] [n.] {n] [nal [ny =1 1] [n,] [n] [ny—1 1]

1/2
In - 1lim]  [10] ("—)

n

n, 1/2
[nln, 1] [O]01] (—>

n

4. The state vectors classified by group chain I1

Chain II provides another set of quantum numbers. One of them is o, the generalised
seniority, labelling 1R of O(N). Thus the state vector [n a L M) can be expressed as

a
|n g U,alLl UzazL; L M>
Qo+ N-=-2)11 \'?

“(sasrapanam) PUle o omb ml LM 61
where p=34(n—0) and P'= P]+ P} is called the generalised pair creation operator,
because

21+1\"?
PI=( > ) (bibi)s  i=1,2

is the known [, pair creation operator. The state vectors |0 oo a,L, o,a,a, L M)
satisfy

Plo o o,a,L, o,a,L, L M)=0. (4.2)

In order to solve (4.2) and get |c o o,a,L, o,a,L, L M), let us introduce a series of
operators Q'(24),A=1,2,...,

Q'(a)= Y (-1)* (20,+ N =2)!!(20,+ N, - 2)!!

P*S’PTSZ
545i2a 5,1(20,+28,+ N, ~2)118,1 (20, +28,+ N,—2)11 - » "2+

(4.3)
By straightforward derivation of [PQ’(24)] we have
PQ'(2A)o,+ o, oy0qa,L, 0y0,a,L, L M)=0. (4.4)

Hence the states classified by chain II can be expressed in terms of the states classified
by chain I, i.e.

lo o oya,L; 0ya,L, L M)=DQ'(24)|0y+ 0, oy0qa,L, oy0:a,L, L M) (4.5)
where D is the normalised constant and is found by a tedious derivation

D_<A!(2a—2A+N—4)!!(20,+2A+Nl—2)!!(202+2A+N2—2)>”2
Qo+ N—-4H11Q20,+ N, -2)!!(20,+ N, - 2)!! '

(4.6)
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Equation (4.5) clearly shows that o is the number of unpaired bosons in the O(N)
level but may include A boson pairs in the O(N,) and O(N,) levels. Finally, we have
the expression of state vectors classified by chain II in terms of the known one:

|n ¢ oya L, oya,L, L M)
_(,o!Az(za—2A+N—4)!!(2a+N—2))”2
Qo+2p+ N-=-2)!!
x X (mprTe

witwy=p
prtpa=pt+a
(p1! (2o +2p,+ N, -2)1(20,+2A+ N, = 2)!!
021205+ 2p,+ N, =2)!11 (20, +2A+ N, =2)11)/2
X
o (p,—w)!(20,+2p, 2w, + N, =2)!!
wz!(pz—wz)!(20'2+2p2—2w2+ N2~2)!!

X|n o1+2p; 0oLy 0,+2p; 0yl L M) (4.7)

where p=%(n—0c), 0 =0,+0,+2A. The following identities have been used in the
above deviation:

A <A) Qr+DUQRT+DI Qu+2r+20+2)1Q27+ D! (450)
So\8) Qr=28+1)1(27+28+1)!11 (Qu+27+2)11(27+2A+ 1)!! ‘
Al(20-24+ N =420, +28+ N, =220+ 28+ Ny =)t _ (4.85)

sr5=s Q0+ N —4)118,1(20, +28,+ N, =2)1'8,!(20,+286,+ N, = 2)!1

5. cFp according to the group chain II

Matrix elements of bj,, in state |noo,a,L, oya,L, L M) are constructed as before.
First the components of the rank-1 tensor of U(N) are now labelled by chain 11, i.e.

t ¥
bt = bim =bn1 4y (11®0) L®o m®o 51
im ™ b+ _b+ ( . )
Lmy — YU[1] (1) (0)®(1) 0®1; 0@m; -
Second, using the generalised Wigner-Eckart theorem, we have

<n g U,a,Ll U2Q2L2 L”b;l”n_'l o U'lla;Lll Uzasz L’)

_otmr [0 [n=1] [n]}
T P b

X[ NSNS H(l) (o) (al)]

M(O0) (o1)(or) [(a)(o)IL Iy aiLli|a L,

x{(LL}) L, L, L|l; (LiLy) L' L). (5.2)
All the factors on the rRHS except

[ (1) (o) (o) ]

(1)(0)  (ai)(02) | (oy)(a2)

the coupling coefficients of O(N) > O(N,)®O(N,), are known. Similarly we may find
the formula for b;,,,. also.
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A (L= N +27)(€= N +2)(T-°N +°07) v|
T~ N+VZ— 00T ~N +VT+ 20T~ N +%0)

Aa| N +90)(€— N +2)(T— N +%07)
w (T-'N +vz+'07)t0ve

(T-N+VZ—2)(C—'N+VI+"07) (T~ "'N +'2)

A (T- N +0E~ N +0)T-'N +'97) v
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Aau N +07)(€— N +0)(T—"N +'07)
w (TN +VT+07)'ove

A (T- N +20)(1+0)T—°N +%27) v
N

A (T— N +90)(1+2)(T—-'N +'07)
o/

—_ -f z
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On the other hand, using the explicit expression (4.7), the reduced matrix elements
of bj, can be calculated straightforwardly. For example

(c+1 o+1 o,2,L, o050, L”b;r,”"' o oya Ly oya,L, L)

B (0'1(20'1+2A+ N, -2)(20-2A+ N—z))”2
B (20,+ N, -2)2c+ N =2)

(o)

(1) (o)
><|: a,L,

’ !
l a1l

]<(11Li) Ly L, Llly (LiLy) L' L). (5.3)

Comparing (5.3) with (5.2) we have the unknown coupling coefficients of O(N)>
O(N,)®O(N,) presented in table 3. We finally obtain the formulae of crp according
to group chain II:

(n o oya,L, oya,L, L{in-1 ¢ oia|L] oya,L, L' I, L)

=[m [n-1] m][ W @) | (@ ]
Iy (o) 1 {aIL)N0) (o1)(oy) | (o1)(o)
x[“) (o3) (0‘)]<(11L{) L, L, L (LiLy) L' L) (5.4a)
I, a\L|aL,
(n o oL, osa,L, L{{n—1 o' o,a,L, ohatlt L' I, L)
=[[1] [n—1] [n]][ 1 (" (o) ]
(1 (a) [ L)1) (o))(o3) | (a))(o2)
x[“) (o2) ("2)]<L1 (LLY) Ly L)l (L,LY) L' L). (5.4b)
12 asz asz
The coeflicients
[(1) (o)) (Ui)]
I, alL]| a,L;

are proportional to the CFp of a single-/; boson system [6]. So are the cFp according
to group chain II.

6. Summary

In this paper and the previous one [6] we have proposed an efficient procedure for
the construction of crp. Usually the computation involves a combination of numerical
and analytic methods. The iterative parts in our formulae are squeezed, because the
recursion relation depends on o;, not on n or o, to avoid a lot of repetitive computations
related to identical (o) in different (o) or [n]. Next, the generalised pair operator P’
and the series of operators Q'(24) are easily extended through to multi-/ boson or
multi-j fermion systems.
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